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LOCATION OF EIGENVALUES FOR THE WAVE EQUATION 
WITH DISSIPATIVE BOUNDARY CONDITIONS 


VESSELIN PETKOV 


Abstract. We examine the location of the eigenvalues of the generator G of 
a semi-group V{t) = t > 0, related to the wave equation in an unbounded 
domain Q C with dissipative boundary condition — 'y{x)dtu = 0 on 
r = We study two cases: (A) : 0 < 7 ( 3 ;) < 1, Vx S P and (B) : 1 < 
7 ( 3 :), Vx S P. We prove that for every 0 < e <IC 1, the eigenvalues of G in the 
case (A) lie in the region Ae = S C ; | Re z\ < Ge{ \ Imz] 2 +1), Rez < 0}, 

while in the case (B) for every 0 < e <C 1 and every A S N the eigenvalues lie 
in Ae U 7?.jv, where 7?.jv = {2 S C : | Imz| < Cjv(| Rez| -|- 1)“^, Rez < 0}. 


1 . Introduction 


Let K C d > 2, be an open bounded domain and let il = \ K be 

connected. We suppose that the boundary F of H is C°°. Consider the boundary 
problem 

{ Utt — Am = 0 in x fl, 

9i,m — 7(a:)9tM = 0 onK+ x F, (1.1) 

u{t),x) = fi, ut{0,x) = /2 


with initial data (/i,/2) € H^{n) x LF‘{VI) = H. Here iy{x) is the unit outward 
normal at cc S F poin ting into H and 7(0;) > 0 is a C°° function on F. The solution 
of the problem (1.1) is given by {u{t,x),ut{t,x)) = V{t)f = e“^/, t > 0, where 
V(t) is a contraction semi-group in "H whose generator 


G = 


0 1 
A 0 


has a domain D(G) which is the closure in the graph norm of functions (/i, /2) € 
X satisfying the boundary condition — 7/2 = 0 on F. For d 

odd Lax and Phillips [5] proved that the spectrum of G in Re z < 0 is formed by 
isolated eigenvalues with finite multiplicity, while the continuous spectrum of G 
coincides with IR. We obtain the same result for all dimensions d > 2 under the 
restriction 7(0;) ^ 1 in the case d even by using the Dirichlet-to-Neumann map 
Af{X) (see Section 6). Notice that if Gf = Xf with / = (/i, /2) 7^ 0, Re A < 0 and 
dufi -7/2 = 0 on F, we get 

f(A-A2 )/i =0inO, 

1 - A 7/1 = 0 on F 
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and V{t)f = has an exponentially decreasing global energy. Such solutions 
are called asymptotically disappearing and they perturb the inverse scattering 
problems. Recently it was proved [2] that if we have at least one eigenvalue A 
of G with ReA < 0, then the wave operators W± related to the Cauchy problem 
for the wave equation and the boundary problem ( 1.11 are not complete, that is 
Ran W- 7 ^ Ran W+. 


product W, o W-. 


Hence we cannot define the scattering operator S by the 
Notice that if the global energy is conserved in time and 


the unperturbed and perturbed problems are associated to unitary groups, the 
corresponding scattering operator S{z) : —>■ satisfies the identity 

5-1(2) = 5*(z), zGC, 


if S{z) is invertible at z. Since S{z) and S*{z) are analytic operator-valued oper¬ 
ators in the ’’physical” half plane {z G C : Imz < 0 } (see [5]) the above relation 
implies that S{z) is invertible for Imz > 0. For dissipative boundary problems this 
relation in general is not true and S{zo) may have a non trivial kernel for some 
zo,Imzo > 0. For odd dimensions d Lax and Phillips [ 6 ] proved that this implies 
that izo is an eigenvalue of G. Thus the analysis of the location of the eigenvalues 
of G is important for the location of the points where the kernel of S{z) is not trivial. 


In the scattering theory of Lax-Phillips [H] for odd dimensions d the energy space 
can be presented as a direct sum % = D~ 0 RTa © F)+, a > 0, and we have the 
relations 

Vit)Di C 7A+, Vit){Ka) CKa(B D^, V{t)D- C H, t > 0. 

R. Phillips defined a system as non controllable if there exists a state / G Ka such 
that V{t)f _L £)+, t>0. This means that there exists states in the ’’black box” Ka 
which remain undetected by the scattering process. Majda [7] proved that if we 
have such state /, then {u{t,x),ut{t,x)) = V{t)f is a disappearing solution, that is 
there exists T > 0 depending on / such that u{t, x) vanishes for alH > T > 0. On 
the other hand, if 7 ( 3 ;) 7 ^ l,Va: G F, and the boundary is analytic there are no dis¬ 
appearing solutions (see m)- Thus in this case it is natural to search asymptotically 
disappearing solutions. The existence of examples in the case 7=1 when the point 
spectrum of G is empty has been mentioned in [5]. Since we did not found a proof 
of this result in the literature, for reader convenience we propose a simple analysis 
of this question for the ball B 3 = {x G : lx] < 1}. In the Appendix we prove 
that if 7 = 1 and K = B 3 , the generator G has no eigenvalues in {z £ C : Rez < 0}. 


We study in the Appendix also the case when 7 = const 7 ^ 1 and K = B 3 . 
If 0 < 7 < 1, we show that there are no real eigenvalues of G and the complex 
eigenvalues A lie in the region 

{AeC: |ReA| < |ImA|, ReA < 0}. 

On the other hand, for 7 > 1 all eigenvalues of G are real and they lie in the interval 
00 ). Moreover, in this case there are infinite number real eigenvalues of 
G and when 7 1 the eigenvalues of G go to — 00 . For arbitrary strictly convex 

obstacle K and 7 ( 3 ;) > 1, Vx £ F, we obtain a similar result in Theorem 1.3 proving 
that with exception of a finite number eigenvalues all other are confined in a very 
small neighbourhood of the negative real axis. 
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If maxjjgr 17(2;) — 1| is sufficiently small, the leading term of the back-scattering 
amplitude a(A, — oj € becomes very small for all directions uj S 

and for 7 = 1 this leading term vanishes for all directions (see 0 ). For strictly 
convex obstacles and 7=1 the second term of the back-scattering amplitude does 
not vanish (see but it is negligible for the applications (see Section 5 in [13] for 
the case of first order systems). The existence of a space with infinite dimension of 
eigenfunctions of G implies that one has a large set of initial data for which the so¬ 
lutions of <0 are asymptotically disappearing. Notice that these solutions cannot 
be outgoing in the sense of Lax-Phillips (see m), that is they have a non-vanishing 
projection on the space D~ mentioned above. Moreover, the eigenvalues of G are 
stable under perturbations of the boundary and the boundary condition (see 0 )- 


Now we pass to the description of our results. In |5] Majda examined the location 
of the eigenvalues of G and he proved that if sup 7 ( 0 ;) < 1, the eigenvalues of G lie 
in the region 

El = {z G C : I Re 2 ;| < Cid + 1), Rez < 0}, 

while if sup 7 ( 0 ;) > 1, the eigenvalues of G lie in Ei U i? 2 , where 

E 2 = {z : I Imz| < ( 72(1 Rez^^^ -|-1), Rez < 0}. 

The purpose of this paper is to improve the above results for the location of 
eigenvalues. We consider two cases: (A) : 0 < 7 (x) < 1, Va; G F, {B) : ^{x) > 
1, Va: G F. Our main result is the following 

Theorem 1.1. In the case (A) for every e, 0 < e <C 1, the eigenvalues of G lie in 
the region 

A, = {z G C : |Rez| < (7,(|Imz|5+" -h 1), Rez < 0}. 

In the case {B) for every e, 0 < e <C 1, and every G N the eigenvalues of G lie 
in the region U where 

E-n = {z G C : I Imz| < C'Ard Rez| -I- 1)”^, Rez < 0}. 

For strictly convex obstacles K we prove a better result in the case (B). 

Theorem 1.2. A ssume that K is strictly convex. In the case {B) there exists 
Bo > 0 such that for every A^ G N the eigenvalues of G lie in the region {z G C : 
|z| < i?o, Rez < 0} U IZn- 

The eigenvalues of G are symmetric with respect to the real axis, so it is sufficient 
to examine the location of the eigenvalues whose imaginary part is non negative. 
Introduce in {z G C : Imz > 0} the sets 

= {z G C : Rez = l,h^ < Imz < 1}, 0 < h < 1, 0 < <5 < 1/2, 


^2 = {-2 G C : Rez = —1, 0 < Imz < 1}, Z 3 = {z G C : | Rez| < 1, Imz = 1}. 

We put A = ^ and we use the branch 0 < arg z < 27r with Im -y/z > 0 if 
Imz > 0. From (1.2 1 we deduce that the eigenfunctions it of (7 satisfy the problem 


(—— z)u = 0 in O, 
—ihd^u — ^^/zu = 0 on F. 


(1.3) 
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Figure 1 . Eigenvalues, 0 < 'y(x) < 1 



Figure 2 . Eigenvalues, 1 < 7(0;) 


The proofs of Theorems 1.2 and 1.3 are based on a semi-classical analysis of the 
equation 

Next{z,h)f = 0, 

where / = M|a:gr is the trace of an eigenfunction of G. Here 

Kxt{z,h)f : iJ^(r) 9 / ^ hDMr e i?r'(r) 


(1.4) 







LOCATION OF EIGENVALUES 


5 


is the exterior Dirichlet-to-Neumann map, Du = —idv and u is the solution of the 
problem 

f (—/i^A — z)u = 0 in n, u € 

1 wUer = /■ 


(1.5) 


In the paper we use the semi-classical Sobolev space s G K, with norm 

II(/il?)'*rt||2,2(r), where {hD) = (1 -|- The purpose is to prove that if 

z G Zi U ^2 U Z3 lies in some regions and h is small enough from (1.4) we get / = 0 


which is not possible for an eigenfunction u. In this direction our strategy is close to 
that for the analysis of eigenvalues-free regions for the interior transmission eigen¬ 
values in m and m- We apply some results for the interior Dirichlet-to-Neumann 
map Mint{z, h) established in |19) and [20] for bounded domains which after modi¬ 
fications and some constructions remain true for the exterior Dirichlet-to-Neumann 
map Afext{z, h) defined above. 


The paper is organized as follows. In Section 2 we collect some results concerning 
the semi-classical exterior Dirichlet-to-Neumann map JVext{z,h). The eigenvalues- 
free regions for the case (A) are discussed in Section 3. In Section 4 we study the case 
(B), where the arguments for the case (A) are not applicable for the investigation 
of eigenvalues close to the negative real axis. The strictly convex obstacles are 
examined in Section 5. In Section 6 we discuss the question of the discreteness of 
the spectrum of G in {z G C : Rez < 0} for dimensions d>2. For odd dimensions 
d, as it was mentioned above, this result was obtained in the classical paper [^. 
For d even we present a proof based on the properties of the Dirichlet-to-Neumann 
map AfextW- Moreover, we obtain a trace formula for the counting function of 
the eigenvalues of G in an open domain oj C {z £ C : Rez<0}. Finally, in 
the Appendix we examine the special case when K is unit ball in and 7 is a 
constant. 


2. Dirichlet-to-Neumann map 

In our exposition we apply some /i-pseudo-differential operators and we are going 
to recall some basic facts. Let X be a C°° smooth compact manifold without 
boundary with dimension d—1 > 1. Let {x, be the canonical local coordinates in 
T*{X) and let a{x,^,h) G C°°{T*{X)). Given m G K, Z G K,(5 > 0 and a function 
c{h) > 0, one denotes by Sg"^{c{h)) the set of symbols a{x,^, h) such that 

\d:dla{x,^M < + l?l)™-'^', G T*{X), Va,V/?. 

If cih) = 1, we denote Sg^{c{h)) simply by Sg"^ and the symbols restricted to 
a domain where |^| < C will be denoted by a G Sg{c{h)). We use also symbols 
a{x, h) G satisfying the estimates 

|5“5fa(a:,^,/i)| < G„,^(l + |?|)™-l^l, (t,0 G T*{X), Va,V/3. 

One defines the /i—pseudo-differential operator Oph{a) with symbol a{x, 5, h) by 

{Ophia)f ){x) = {2Trh)~‘^+^ [ 

Jt*x 

For the reader convenience we recall two properties of the semi-classical pseudo¬ 
differential operators Oph{a) (see Section 7 of [5] and Proposition 2.1 of [T^l. 
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Assume that a G C°°(T*(X)) satisfies the bounds 

ld^a(x,^,h)l < co(h)h-l“l/2, (x,e) G T*(X) (2.1) 

for |q;| < d+ 1, where Co(h) > 0 is a parameter. Then there exists a constant C > 0 
independent of h such that 

\\Oph(a)\\L'^(x)^L'^{x) < C'co(/i). (2.2) 

Next for 0 < 5 < 1/2 we have a calculus and if a G b G then for 

s G K we get 

\\Oph(a)Oph(h) - 1 — 2 +i(x) < 

We refer to [3] for more details concerning the calculus. The left hand side of last 
inequality can be estimated also in some cases when one of the symbols a or 6 is in 
a class with 0 < 5 < 1. For the precise statements the reader should consult 
Proposition 2.2 in [T3] and Proposition 4.2 in [30] . 


Let (cc', ^') be the coordinates on T*(r). Denote by ro(a;', ^') the principal symbol 
of the Laplace-Beltrami operator — Ap on P equipped with the Riemannian metric 
induced by the Euclidean metric in For z G ZiU Z 2 U let 

p(x',e,z) = x/2-ro(x',e) G ^“(T^r) 


be the root of the equation 


+ro(x\^')-z = 0 


with Imp(a;', z) > 0. For large |^'| we have \p{x', , z)\ ~ |^'|, Imp(a;', z) ~ |^'|. 

Moreover, for z G U Z3 we have 

lTap(x',^',z) > IpI > Vllrn^l, 

while for rg > 2, we have 

C'lV^’o + 1 > 2Imp > IpI > C2^/rQ + 1. 


For z G Z 2 the last equality is true for all (x '(see Lemma 3.1 in m)- 

G. Vodev established for bounded domains K C d > 2, the following approxi¬ 
mation of the interior Dirichlet-to-Neumann map Nintiz, h) related to the boundary 
problem (1.51, where the equation (—— z)u = 0 is satisfied in K. 


Theorem 2.1 ([19], Theorem 3.3). For every 0 < e <C 1 there exists 0 < /io(e) <C 1 
such that for z G Zi and 0 < h < ho we have 


Ch 

\\Knt{z,h)(f) - Oph(p + hb)f\\Hi^ < - . ||/||L^(r), (2.3) 

\/|Imz| 

where b G iSg ^(r) does not depend on h and z. Moreover, (2.3) holds for z G Z 2 UZ 3 
with I Imz| replaced by 1. 


The same result remains true for unbounded domains D with Afint{z, h) replaced 
by Afext(z,h) by modifications to the proof in [T3] based on the construction of 
a semi-classical parametrix close to the boundary. For reader convenience we re¬ 
call below some facts from m and we discuss some modifications which will be 
necessary for our exposition. Consider normal geodesic coordinates {xi,x') in a 
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neighbourhood of a fixed point xq G F, where xi = dist(a:,r). Then —h?/S. — z in 
these coordinates has the form 

'P{z, h) = + r(x, hD^i) + q{x, hD^) + h^q{x) — z. 

with D^, = r{x,i') = {R{x)C,C), = {q{x),0- Here 

R{x) is a symmetric (d — 1) x (d — 1) matrix with smooth real-valued entries and 
r(0,x',^') = ro{x',^'). Let (j){a) G be a cut-off function such that = 1 

for \a\ < 1, ^(cr) = 0 for \a\ > 2. Let ipix') be a C°° cut-off function on F supported 
in a small neighbourhood of Xq and = 1- In [IH], Proposition 3.4 for di > 0 

small enough one constructs a semi-classical parametrix 

I u^ix) = { 27 Th)-^+^ f f a{x, C', z; h)f{y')dy'dC, 

= tpf, 

(2.4) 

where pi = 1 if z G Z2 U Z3, pi = |p|^ if z G Zi. 

The phase ip{x,y', z) is complex-valued and 

N-l 

^ = -W - y',^') + X! ,£!,z) = -{x - y,i') -f p, 

k=l 


N-l N-l 

a = ^ '^x\yakp{x,^',z), 
fc=o i=o 

iV :g> 1 being a large integer. 

Moreover, pi = p, Imp > xi Imp/2, 0 < xi < 2Si min{I,pi} and the amplitude 
a satisfies = tpix')- The phase ip and the amplitude a are determined so that 

e~^V{z, h)e^ a = x^ Af^{x, z; h) + Bpf{x, , z; h), 

where H^v, Bn are smooth functions. To describe the behavior of An, Bn, introduce 
the function x{x',^') = 4’{^oXo{x',^')), where 0 < do ^ 1- Following [19], we say 
that a symbol 6 G ^““(r^F) belongs to Sg[ g^{yi) + if 

|9“,af,((l - x)6)| < Va,V/3. 

Therefore, 

dl^AN G Slf^-^Wp\) + 52,i(|p|), dl^BN G 52V^-3"(|p|) + Sl,^{\p\), Vfc G N 

uniformly with respect to z, h and 0 < ti < 2di min{l, pi}. 

For z G ^1,0 and any integer s > 0, there exist 1^, Ng > 0 so that for N > Ng we 
have the estimate (see Proposition 3.7 in [TOj l 

, / i/T \2N 

\\r{z,h)u^\\N^^^^)<CNh-^‘[j^^ ll/IU^(r), (2.5) 

while for z G Z2 U Z3 the above estimate holds with |Imz| replaced by 1. Next 
introduce the operator 

T/,(z, d)/ .= = Oph{T^)f 
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with 


N-1 


Tjb = ^ — ^ = tbp — ih"^ ai j. 

^ 5x1 '^ 1=0 5.ti 1 ^ 1=0 ^ 


j=o 


Let Gd be the self-adjoin realization of the operator —A on Lp‘{Vl) with Dirichlet 
boundary condition on L. Since the spectrum of Gu is the positive real axis, for 
z a Z\ we have the estimate 

Gfc 


[h^Gn - z)-^ 


(O) 


< 


I Im; 


Vfce N, 


while for z G Z2UZ3 the above estimate holds with | Imz| replaced by 1. For k = 0 
this estimate is trivial, and for fc > 1 it follows from the coercive estimates for the 
Dirichlet problem in unbounded domains (see [5]) 

r2fe-2/ 


< Gl^^Wh^GovW 


Hf 






hn) 


), PG D(Gri)niLf-2(D). 


Now let Up G be the solution of the problem 


V{z, h)up =0 in D, up\T = V'/- 


Then 


wp .— up up Gjj 7^(z, h^up 

will be a solution of {h^Go — z)wp = 0 in D, wp\r = 0. Since for z G U Z2 U Z3 
the point zjh? is not in the spectrum of Gu, one deduces wp = 0. This implies as 
in [19] the following 

Proposition 2.2. For z G Z we have the estimate 

/ JF ■.2N 

\\M,,^[z,h)up-Tp{z,h)f\\Hitj)<GNh-^-[j^^ ||/||L2(r), VAgN (2.6) 

with constants GnjSj, > 0, independent of f,h and z, and Sd independent of N. If 
z G ^2 U Z3, then (2.6) holds with |Imz| replaced hy 1. 

Choose a partition of unity = 1 on r and set T{z, h) = ^)- 

Notice that the principal symbol of T{z,h) is p. By using Proposition 2.2 and re¬ 
peating without any change the argument in Section 3 in [19] , one concludes that the 
statement of Theorem 2.1 remains true replacing in (2.3) A/i„t(z, h) by Afextiz, h). 


3. Eigenvalues-free regions in the case (A) 


In this section we suppose that 0 < eg < 7(x) < 1 — eg, eg > 0, Vx G T. If 
{u,v) 7^ 0 is an eigenfunction of G with eigenvalue A G {z G C : Rez < 0}, then 
/ = 0. Indeed, if / = 0 on T, then u G iL^(fl) will be eigenfunction of the 

Dirichlet problem in D and this is impossible. From (1.3) one obtains the equation 

(pl). 


According to Theorem 2.1 with Mext{z, h), for z G Zi, S = 1/2 — e, we have 

h 


\\Oph{p)f - Vz-rfh^r) < c 




fll/llL2(r), 


(3.1) 


where for z G ^2 U ^3 the above estimate holds with | lmz| replaced by 1. Here we 
use the fact that 


\\Oph{b)\\L^{r)^L^{n) < C 
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which follows from [19], Proposition 2.1. Introduce the symbol 


c{x', z) := p{x\ z) - ^4z- 


We will show that is elliptic in a suitable class. Write 




(l-7^)^-ro(x',r) 
p(x',f ,z) +7v^ 


Case 1 . z G Z\. The symbol c is elliptic for |^'| large enough and it remains to 
examine its behavior for |^'| < Cq. For these values of we have \p + 7-\/z| < Ci. 
First consider the set 

= |l-ro(x'.ni<|}- 

Then Re^(l — 7 ^)z — = 1 — tq — 7 ^ < —If (x',^') ^ T, we get 

Im(^(l - 7^)2 - ro) = (1 - 7 ^)Imz > (1 - > eoh^■ 

Consequently, the symbol c is elliptic and 

Im(p + 7 -\/z) = Imp + 7 lmi/i > Ch^. 

Hence, for bounded |^'| we have |c| > > 0, while for large |^'| we have 

|c| ~ |^'|. As in Section 2 we use the function y and define A4i := xsuppy, AI 2 := 
(Zi X supp(l — x)) U ((Z 2 U Z 3 ) X T*r). Set ((') = (1 + It is easy to see 

that for (z,x',^') G AIi, we have 

< a,p|Imz|i/2-l«H/3|, |c,| + 1^1 > 1, (3.2) 

IpI < C, while for (z,x',^') G M 2 we have 

(3.3) 

Thus, we conclude that c = {p — 7 V^) G 


Now consider the symbol c~^ = ■ Since p + 7^/2 G it remains to 

study the properties of 5 := ((1 — 7 ^)z — rg)”^. For (x', ^') G we get |(l — 7 ^)z — 
fqI > ^ > 0 and 

\d:,dl,g\ < C„,p. 

Therefore for (x',^') G F, we have 

|9“-9f,(c-i)| < C„.p|Im0|i/2-l«l-l/3|. (3.4) 

Next for (x',^') ^ J" notice that for every 0 < <5' 1, if |(1 — 7 ^) — ro| < 

5', Imz 0, we have 

|a“,5f,5| <C„,p|Imz|-i-l“l-l^l, (3.5) 

while for |(1 — 7 ^) — ro| > 5’ we get 

(3.6) 

On the other hand, (x',^') ^ F yields |1 — ro(x',^')| > ^ and for (x',^') ^ J" we 
obtain 

(3.7) 
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Thus for bounded |^'| and ^ J", we deduce 

Combining this with the estimates (3.4), one concludes that |Imz|c“^ G Sg 


(3.8) 


Case II. z G Z2. We have 

Re(^(l - 7 ^)z - To) < -(1 - 7 ^) < -ei < 0. 
Consequently, c is elliptic and c G S'q'^,c~^ G •S'g’”^. 

Case III. z G Z^. In this case Imz = 1 and one has 

I Im((l - 7^)^ - J-o) I = 1(1 - 7^)1 > ei > 0. 

This implies that c € S'q’^ is elliptic and c~^ G iS'g’”^. 


Consequently, we get 

\\Oph{c~^)9\\L^r) < C\lmz\~^\\g\\L2^r) 

and, applying ( |3.1[ ), we deduce 

\\Ophic~^)Ophic)f\\L2(r) < C5 ^ ll/IU^(r)- 

On the other hand, for |ai| + |/3i| > 1, \a 2 \ + |/32| > 1 and |^'| < Co according to 
( |3.2[ ), ( |3.4[ ), ( |3.7| ), ( |3.8[ ), for (x',^') G J" we get 

(3.9) 

while for (x',^') ^ IF we have 

9“/af7(c-l(x^C0)5:,^5f=c(x^r)|<C„,,^,,„,,^JIm^|-l-(l“^l+l'5^l). (3.10) 

Consider the operator Oph{c~^)Oph{c) — I. Following Section 7 in [3], the symbol 
of this operator is given by 

N 


1=1 


l“l=i 


= bNix',C) + ^Jv(x',C')i 


where 


\d^~bN{x',C)\ < 


Applying (2.2), one deduces for N large enough 

\\Oph{bN)\\L^{r)^L2ir) < Ch. 
On the other hand, the estimates ( |3.9[ ), ( |3.10[ ) yield 

Thus, applying once more (|2.2[), one gets 


\\Oph{c ^)Oph{c)f - /||L2(r) < Ce I 


Imzl 


; li/l|L2(r)- 
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A combination of the above estimates implies 

||/||L2(r) < 2'^ 


(3.11) 


Since <5 = 1/2 — e, 0 < e ^ 1, for 0 < /i < ho(e) small enough (3.8) yields / = 0. 
Going back to A = we have 

ReA = -'i^, ImA = 5A£^ 


Suppose that z ^ Z\. Then 


|ReA| > G{hr^f-\ |lmA| < C^hT^ < CalReAli^. 

So if |ReA| > CallmAI^”^, ReA < —C 4 < 0 there are no eigenvalues A = of 
G. For ^€^2 11^3 there are no eigenvalues A too if |A| > Rq. 

This shows that in the case (A) for every 0 < e <C 1 the eigenvalues of G must 
lie in the region A,; defined in Theorem 1.2. 


4. Eigenvalues-free region in the case (B) 


In this section we deal with the case (B). The analysis of Section 3 works only 
for z G ZiLI Z 3 . Indeed for z G Zi we have 

Re((l - 7^) - To) < (1 - 7^) < -7?o < 0. 


The symbol g introduced in the previous section satisfies the estimates (3.5) and 
,c“ 


cG 5/ 


G Sg . For z G Z^we apply the same argument. Thus for z G Z 1 UZ 3 


we obtain that the eigenvalues A = ^*^of G must lie in A^. For z G Z 2 the argument 
exploited in the case (A) breaks down since for Rez = — l,Imz = 0 the symbol 

i[l + ro(a;',^') -7(2;')] 

is not elliptic and it may vanish for some (xqj^q). 

In the following we suppose that z G ^2- Therefore Proposition 2.2 yields a 
better approximation 

h){f) - T{z, h)f\\Hiir) < Givh-^^+'^||/|U2(p, VN G N. (4.1) 
If / 7^ 0 is the trace of an eigenfunction of G, from the equality ( |1.4[ ) we obtain 
|Re(T(z,h)/-7^/^/,/)L2(^)| < Gjvh-*''+'^||/|U2(p). 

There exists t with 0 < t < 1 such that 

Re{(T{z,h) -7 V^)/,/)l 2 (p) = Re(r(-1, h)/,/)p2(p) 


r dT 1 

-Imzlm|^( —(zt,/i) - 7^;^/, Dl^t) 


(4.2) 


with zt = — 1 + it Im z G Z^. The next Lemma is an analogue of Lemma 3.9 in |19j . 

Lemma 4.1. Let z G Z 2 and let f = u|p be the trace of an eigenfunction u of G 
with eigenvalue A = Then 

'‘^'^-iz,h)f - Oph(^^{z)j f < Gh\\f\\ 


dz 


L2(p) 


HGG) 


(4.3) 
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with a constant C > 0 independent of z,h and f. Moreover, 

\Re{T{-l,h)f,f)L2^T)\<CNh-^^+^\\f\\mr), V7V € N. (4.4) 

Proof. The proof of (|4.3[) is the same as in [TH] since for z G Z 2 we get 


N-l , 

G 


3=0 


dz 


0,-1 

0 


To establish (4.41, we apply Green’s formula in the unbounded domain SI. By 
using the notation of Section 3, set u = Then —\hdvu\T = T{z, h)f and 

for i? ^ 1 the function u vanishes for \x\ > R. Thus one obtains 

i(AM,'u)i2(n) =-i / - i(9^£t,M)L2(r). 

Jn 

Multiplying the above equality by h and taking the real part, we deduce 
-Imh(AM,'u)i2(n) = Re{T{z,h)f,f)L2(r)- 

Therefore, 

Re{T{z,h)f,f)L^r)- = -lmh{{A- h~'^)u,u) L 2 (n) = - Im ('P(-l,/i)u, m)l 2 (o) 
and 

|Re(r(z,h)/,/)i2(r)| < h"^|lT’(-l,/i)M||i2(f2)||{t||i2(f2). 

It is easy to see that ||m||l 2 (q) < C'/i“®‘^||/||j;^ 2 (q) and combining this with (2.5) for 
z G Z 2 , we obtain (4.4). □ 


From (4.2), (4.4) and Imz 7^ 0 we have 
'dT 


Im(( —(z„h)-^)/,/)^2(r)|<Cw 


}^-sd+N 

llm^l 


Consider the operator L := Oph{^(zt)) — 2 ^ and notice that 
'dT, ,, 7 


ll/llL2(r)- 


(4.5) 


Im(( —(zt,h)-^)/,/)i2(r)-Im(L/,/)z,2(r)| <Ch|i/|U2(r). (4.6) 


On the other hand, 


Im(T/,/)L2(r) = — ((L - L*)/,/)L2(r) 


and the principal symbol of -^{L — L*) has the form 


s{x', z) := i Im 


Let 


2 L \/— 1 + it Im z — ro V—1 + itlmz- 
zt = ye^^'^~'^\ y = a/I + Imzp, \ip\ < 7r/4. 


Here and below we omit the dependence of y on t. Then 1 < y < and 

_ ^ ^ T 1 cosw/2 

y/zt = y/ysiiiip/2 + iy/ycosip/2, Im ^ =- 

Vv 

In the same setting 

— 1 + it Imz — To = qe^^'^~'^\ q = •\/(l + r^Y + ^^(Iniz)^, \'ip\ < 7r/4, 
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we see that 


Im 


^/—1 + him 0 — To 


Therefore 


(jVq cos ip/2 - y/lj cos 


cos'ijj/2 


j^qcos^ (/?/2 — j/cos^ V'/2 


‘^VmhVq cos (p/2 + ^ cos 1 / 1 / 2 )' 

To prove that s is elliptic, it is sufficient to show that 

7 ^g(l + cosp) - y{l + cost/) = 'y^q(^l ~ 

= — [7^ 9^(1 + y)- J/^(l + 9 + ^0) 

yq L J 

is elliptic. Consider the function 

Fifo) = 7^ ((1 + rof + Im^ (1 + y) - (l + \l {I + r^Y + W z + . 

Clearly, 

F{0) = ( 7 ^ - 1)(1 + y)y2 > 7?i > 0, 

since in the case (B) we have 7 ^ — 1 > yo > 0- Next, for 7 > 1, rg > 0 we have 

= 27^(1 + y)(l + ro) - ^ ) 

Y (1 + ^0)^ +2: 

> 2 (^ 7^(1 + y)(l + ro) - y^j > 2(1 + y - y^). 

On the other hand, it is clear that 1 + y — y^ >0for0<y< ■ In our case 

1 < y < deduce §^{ro) > 0 for ro > 0, 1 < y < y/2. This 

implies F{ro) > 0 for rg > 0 and s is elliptic. Consequently, 

Im(L/, /)L 2 (r) > (ya - C'/i)||/||i 2 (r), y 2 > 0 
and for small h and ||/||L 2 (r) ^ 0, Imz ^ 0, we deduce from (4.5) and (4.6) 

I Imz| < C'j^h-^‘‘+^ < B^h^, VN G N. 

Going back to A = ^, we have 

Re \fz = sin (/?/2, Im ^fz = cos pl2, y= a/I + (Imz)^ < y/2 

and 0 < sin (/3 < ■ This implies for h small enough the estimate 


I Im A| = 


Re ^/z 


< 2 ^/‘^BM{h-^)~^^^ < CatIRcAI 


-N 


Thus for z G Z 2 and every iV e N the eigenvalues A = of G lie in TZn and this 
completes the proof of Theorem 1.2. 

□ 

The eigenvalues of G could have accumulation points on iK. For odd dimension 
d Lax and Phillips [6] proved that the scattering matrix S{z) is invertible for z = 0. 
This leads easily to the following 


Proposition 4.2. Assume d odd. The operator G has no a sequence of eigenvalues 
Xj, Re Aj < 0 such that limj_>oo Xj = izo) zq G K. 
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The proof is the same as that of Proposition 4.11 in [2]. The above proposition 
does not exclude the possibility to have eigenvalues Xj with | Im Aj| —>■ +oo. On the 
other hand, Theorem 1.3, established in the next section, implies that for strictly 
convex obstacles and 7 (a;) > 1 the imaginary part of all eigenvalues of G is bounded 
by a constant i?o > 0 and for d odd we can apply Proposition 4.2. 


5. Eigenvalue-free region for strictly convex obstacles in the case 

(B) 


In this section we study the eigenvalues-free regions when K is a, strictly convex 
obstacle. Let 0 < e 1/2 be a small number. Set 

'1 - rQ{x',C)\ 


Xi{x',0 = </(- 




where (/ is the function introduced in Section 2. Notice that on the support of 1 —xi 
we have |1 — To(a;^COI — By a modification of the construction in [TS] (see 

also M) we can construct a semi-classical parametrix having the form (12.41), 
where is replaced by )p/t(l — Xi)'!/’/■ 

Then for |1 — ^ have \p\^ > and we can improve the 

estimate (2.5) obtaining 

/ h \ ^ 

\\Viz,h)u^\\H^(n) < ll/IU=(r), llm^l >(5.1) 

To do this, one repeats without changes the argument in Section 3 of [19] replacing 
the l ower bound \p\^ > |Imz| by |pp > Consequently, the right hand side of 
(5.1) is estimated by and this yields a semi-classical parametrix 

Viz, h)wi = C>Ar(/i^), iciUer = Oph{^ - Xi)'>Pf- 


Consider a partition of unity Xs + xls + Xs ~ ^ on T*(r), where the functions 
Xs^Xs^ xt S ‘^5 0 values in IR+ and such that supp Xs C {tq — 1 < —h^}, 

supp Xs C {ro - 1 > h^}, supp x° C {|ro - 1| < 2h^}, x° = 1 on {|ro - 1| < h^}- 
Then, as in m, m, we obtain the following 


Theorem 5.1 (Theorem 2.1, (101). For every 0 < e ^ 1 there exists /io(e) > 0 
such that for 0 < h < /io(e), | Im z\ > h^~'^, we have 

\\Next{z,h)Ophix7/2) - Ophipx7/2)\\L^r)^LHr) < Ch^^^ ( 5 . 2 ) 

and for \ Imz| < we have the estimate 

\\Next{z,h)Oph{xt/2) - Ophipxt/2)hHr)^L^r) < Ch^^'^. (5.3) 

Thus the problem is to get an estimate for \\Next{z,h)Oph{x7i/2)\\L'^{T)^L'^{T)- 
We will prove the following 

Theorem 5.2. For < Imz < h'^ we have the estimate 

\\Mext{z,h)Oph{x%2)\\L^{T)^L‘^{T) < Ch^/'^. (5.4) 

Remark 5.3. By the analysis in m we may cover the region h^ < Imz < 
h'^ but the above result is sufficient for our analysis since the region 0 < Im z < 
is examined in Chapter 9 and 10 in m, where a parametrix for the exterior 
Dirichlet problem is constructed with a precise estimate of the symbol of Mext in 
small neighbourhood of the glancing set (see (10.31) in |17| ). 







LOCATION OF EIGENVALUES 


15 


Set for simplicity of notation = Im z. We will follow closely the construction of 
a semi-classical parametrix in Sections 5, 6 in m- The only difference is that we 
deal with an unbounded domain and the local form of V slightly changes. For the 
convenience of the reader we are going to recall the result in [T^. Let = {a; G 
n : dist(a:,r) < 5}. Since K is strictly convex, in local normal geodesic coordinates 
(cc,^) G considered in Section 2, the principal symbol of V becomes 

pix,^) = +ro{x',^') + xiqi{x',i') - 1 - ip + 0{xlro) 

with 0 < Cl < qi{x'< C 2 . Here locally in the interior of K we have xi > 0, 
while in the exterior of K we have Xi < 0. Following [50], denote by TZ the set of 
functions a G C°°{T*{ns)) satisfying with all derivatives the estimates 

a = C(xr) + C(er) + C^((l-^o)~) 

in a neighbourhood of JC := {(a:, : aii = = 1—rg = 0}. It was shown in Theorem 

3.1 in m that there exists an exact symplectic map x ■ T*{ns) —>■ T*{ils) so that 
= {y{x,0,'nix,0) satisfies 

yi = xiqi{x\C)~^^^ + 0{xl) + C(a;i(l - rg)), 

m = ^iqi{x', + C>{xi) + C(Ci(l - rg)), 

{y\y') = {x',a + 0{x,), 

ip°x{x,0) = (qi{x'+ 0{xi)YCi + Xi - C(a:',C'))> (mod7^) 

in a neighbourhood of K, with 

C(a;', = (qi{x', -p C (1 - rg)) (1 + - '^ 0 ( 2 ;', ^'))- 

Let U C T*{Xts) be a small neighbourhood of JC. By using a h-Fourier integral 
operator on Cls associated to the canonical relation 

A = {{y,V,x,0 G T*{ns) X T*{ns) : {y,r]) = x(a;,0, (a;,^ G U}, 

one transforms V into an operator Pq which in the new coordinates denoted again 
by (x,^) has the form 

Pq = Dll + 2^1 - Li{x',Da;';h) - ipL2{x', D:c';h), 
where Lj{x',^'-,h) = j = with 

= (qi{x\a~^D + 0(1 _ _ ro(x',e')), 

= gi(2i',e')-'/" + 0(1 - ro). 

By a simple change of variable t = —xi, we pass to the situation when the exterior 
of K is presented by t > 0. Next one applies a new symplectic transformation of 
the tangential variables (x+,^+) = x^(x',^') G T*(r) so that = —L^^\x',C) 
(see Section 2 in |5D|). Therefore the operator Pq is transformed into 

h = D'^ -t + D^# - ipq{x*,D^#) + Q{x*,D^#;p,,h), 
where (z(x+,^+) > 0, q G Sg in a neighbourhood oi =0 and 

00 

Q = Y,h^Qk{x*iC*-,p). 


(5.5) 
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The only difference with [20] is the sign (—) in front of t in the form of Pq. 

For simplicity of the notations we denote the coordinates by (j/,77) and 

consider the operator 


Po = -t + Dy^ - inq{y, Dy) + hq{y, Dy\ /r, h) 

with 0 < Cl < q{y, y) < C2, q € Sq, q G Sq. Notice that we have the term —iyq{y, rf) 
with /i > 0, while in |20j the model operator involves ifiq{y, rf) since the sign of y, 
is not important for the argument in Sections 5, 6 of |20| . 

First we will treat the situation examined in Section 6 in [20] when y > 0 and 
rid satisfy the conditions 

IVdl > (5.6) 

(5.7) 


\Vd\ > 
y+ \Vd\ < 0{h''). 


Clearly, if < y < h'^-, the condition (5.61 holds. The same is true also if 

< y < and \r]d\ > Introduce the function 


^ \(l - if ^ A* < 

where </> is the function introduced in Section 2. Let p be the solution of the equation 

+ Vd-iyqiy,v) = 0 

with Imp > 0. With a minor modifications of the argument in Section 6 in EO] we 
may construct a parametrix ui = Oph{A{t))f^ where 

Mt) = h)e 

and > 0 is small enough. We take (p and a in the form 

M 

if = '^t^ipk, a = y] 

k—1 0<fc+^'<M 


where M ^ 1 and Lpk and ak,i, do not depend on t. We choose ao,o = ^livd), Ofc.o = 
0 for k > 1. We have the identity 

_ \hdy^)[P'^/^a) 

= —2ihdtipdta — h?dfa — ihdy^a + {{dt(p)'^ + dy^ip — t — p^)a 

V 

= -2ih y] h'^f' + l)(p + 1 - j)(p„+i-jak,j+i 

0<k-\-iy<2M-2 j^O 

-h {v+l){v+2)h'"Pak-i,,y+2-ih h^t’'dy^ak,u+{.{dtip)'^+dy^ip-t 

Q<k+h><M—l 0<k-\-y<M 

The phase p satisfies the eikonal equation 

M 

+ dy^ip -t- -iyY^ {dyq)ga{ip) = RM{t), 

\a\ = l 

with pa((p) = and Rnit) = 0{t^). We choose ipi = p and one 

determines (pk, k > 2, from the equation 

{k + l)(j + l)p>k+Wd+i + dy^ipK + eK = C((pi,..., (pic) 

k+j^K 







LOCATION OF EIGENVALUES 


17 


with ei = —1, = 0 for if > 2 and F(}pi, ...,ipK) given by the equality (6.6) in 

[20) . Next the functions ak^i, are determined form the equations 

2 * + l)(u + 1 - + {v + l){v + 2 )ak-i,y +2 + idy^ak,^ 

7=0 


M k y 

^ ^ ^ ^ ^ ^ ^a,k',y,y'^k',y^ ■ 

|a|—0 k'—O y'—O 

Therefore Lemma 6.1, 6.2, 6.3, 6.4 in [5D] hold without any change since the sign 
before t in the form of Pq is not involved. Thus, as in Section 6 of [5D], for a 
neighbourhood F of a point in obtain 


Proposition 5.4. Assume (5.6) and (5.7) fulfilled for rj G supp^i. Then for all 
s > 0 we have the estimates 


^0Ul||i7'>(M+xY) < C's.Mh^'^^^||/||L2(y), ) 

IIAiil|t=o||L2(y) < C'/l'^||/||i2(y). 


(5.8) 

(5.9) 


To cover the region ^ p < h'^, A remains to study the case when h^^^ < 
p < and jiy^l < . For these values of p and pd the condition 


p{p+\pd\) < 


(5.10) 


is satished. We will construct a parametrix for the problem 


Pqu = 0 in IR+ X Y, 
u = f 2 onY 


(5.11) 


with /2 = Oph(j){ f + ^{h°°)f, f € For the construction we need 

some estimates for the Airy function A(z) = Ai(p'^'^ z). Here Ai{z) is the Airy 
function defined for s S K by 

Ai{s) = — / eh"*+*'/3)dt. 

277 i_oo 


In the following the branch —tt < arg z < tt will be used and 
Notice also that 


Re 1/2 > 


I Imz| 


2|z|i/2’ 

The function A{z) satisfies the equalities 


Im' 


Imz 
2 Re W 


(af - z)A('=)(z) = fcA('=-i)(z), kGN, 


|_2|l/2giargz/2^ 


(5.12) 


where A''^'>{z) = . It is well known (see [12], [TT|) that A{z) has for | argz — 

11 > i5 > 0 the representation 

A(z) = S(a7z)exp(^i(-z)3/2), 

where w = and 

00 ^ 

1-3/4 

7=0 


, |z| -J> 00 . 








18 


V. PETKOV 


In the same domain in C one has also an asymptotic expansion for the derivatives 
of A(z') by taking in the above expansion differentiation term by term (see [12jl. 
Introduce the function 

Then for | arg z — 7r/3| > <5 > 0 we have 

OO 

F{z) = ^ bkZ~'", |z| > 1, 6o 0. 

k^O 

For large |z| and Imz < 0 we have the estimate |F'(2:)| < C|z|^/^, while for bounded 
|z| and Imz < 0 one obtains |F'(z)| < Ci. Consequently, 

\F{z)<Co{\z\ + iy/^, lmz<0. 

For the derivatives F^^''{z) = (see Chapter 5 in m) we get the following 

Lemma 5.5. For Imz < 0 and every integer k > 0 we have the estimate 

\F^’^Hz)\<Ck{\z\ + iy/^-^ (5.13) 

Given an integer fc > 0, set <i)o(z) = 1, 

$fe(z) := A{z)d^{A{z)~'^) = d^<^k-i{z) - F{z)<^k-i{z), k > 1. 


Taking the derivatives in the above equality and using (5.13), by induction in k one 
obtains 


Lemma 5.6. For Imz < 0 and all integers fc > 1, Z > 0, we have the bound 

/ \ -—I 

5 ; ^ ^ ^ 


\dMz)\<CkA\z\ + i 


(5.14) 


For t > 0 and Imz < 0, set 


'^k{t,z) := - — '^k\t^z) := 5^4'fe(t,z). 

A(z) 

The next Lemma is an analogue of Lemma 3.3 in [20) . 

Lemma 5.7. For Imz < 0 and all integers fc > 0, Z > 0, we have the estimate 

|'ki')(0,z)| <Cfc|Imz|-'(|z|i/2 + i)". (5.15) 

For 0 < t < |z|, Imz < 0 and all integers Ze > 0, Z > 0, we have 

|'k®(L^)| < Cfeil Imz|-'(|zr/2 + I Iniz|-i)(|z|i/2 + l)", (5.I6) 

while for |i| > |z| one obtains 

< Cfe.i|Imz|-'(|z|i/2 + |Imz|-i)(ti/2 + |Imz|-i)"e-*'''|i“^l/^ (5.17) 

Proof. Since 'I'(Z, z) is analytic for Imz < 0, it is sufficient to establish the above 
estimates for Z = 0 and to apply Cauchy formula for the derivatives (see Section 3 
in [20]). Taking into account ( |5.12 ), (5.13), by induction in k one deduces 

|AW(z)|<Cfc(|z|V2 + l)V(z)| 
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hence 


\'i>k{t,z)\<Ck[f/^ + \z\^/^ + l) |^o(t,^)|. (5.18) 

Thus it is sufficient to estimate 2)1- The representation of A(z) with phase 


exp 


mentioned above holds for Imz < 0. Hence 


A{ — t + z) ^ ZL{u!{ — t + z)) 


Aiz) 


l{ujz) 


exp(-Im^((t-z)3/2- (-Z 


l{uj{-t + z)) 


1{UJZ) 


It clear that |.^(u;(—t + z))| < cq. For |z| < C, C » 1 we have 


I < Cl < (721 Imz| \ 


while for |z| > C we have 


I (-(wz)) I < Calzl^/"^ < C3 |z|^/2^ 


Thus < C(|z|i /2 + |Imz|-i). 

Next, we get 




= ^ Im(t - ^ Im(-z)^/^ = [ Im(T - z^^'^dT. 

3 'J Jo 


Im z 


dr > 


t\ Im; 


/o 2Re((T-z)i/2) - 2(H/2 + |2|i/2) 


and this shows that for t > 0 we have (p > 0. For |t| < \z\ the estimate (5.18) implies 
(5.16). For |t| > \z\ we have 

t^/2| lniz| 


t\ Imz| 

2(H/2 + |2|1/2) 


> 


and 


^fc/2g-F/=|imz|/4 < Ck\lmz\-K (5.19) 

If |Imz| < I we have 1 < |Imz|“^, while if |Imz| > 1, we get t > |z| > 1. Hence 
from (|5.19 ) and (|5.18|) we deduce (|5.17|) . □ 


For /i2/3 < p < hJ/^ we will construct a parametrix for ( |5.1l[ ) repeating 
without any change the construction in Section 5 of |20j . The parametrix has the 
form U 2 = (j){t/h^)Oph{A{t))g, where g G lA{Y) can be determined as in Section 5, 
[3D]. Here 

M 

A{t) = ^ akiy, m h, y\h, y), 


M ^ 1 is an arbitrary integer, oq = ^( ^ 1/2-^ ). Next Ofc, k > 1, are independent on 
t and they can be determined from the equality 

{k + l)afe+i = -idy^ak + _ gh~^dy^ak-i 
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1=0 | a |=0 


We have 


PoOph{A{t)) = Oph(^{Df -t + T]d- ipq{y, rj) - ihdy^)A{t)^ 
-ipq{y, Dy)Oph{A{t)) + ipOph{qA{t)) + hq{y, Dy)Oph{A{t)). 


On the other hand, (5.12) implies the equality 


= {rjd - iy.q{y, 


and 


M-l 


(£>( -t + yd- iyq{y, y))A{t) = -h'^{k + l)ofc+iV^fc. 




Next the construction of the parametrix goes without any changes as in Section 5 
in m applying Lemmas 5.5, 5.6 and 5.7 instead of Lemmas 3.1, 3.2 and 3.3 in m- 
Thus as an analogue of Theorem 5.7 in [20] we get the following 

Proposition 5.8. For all s > 0, we have the bounds 

ll^0M2||i/»(R+xV) < C's,M^^'^^||/||L2(y), (5.20) 

||{l2|t=o - < 0 (/i~)||/||l=(v), (5.21) 

\\DtU2\t=o\\L^(Y) < C'^'^||/||l2(f)- (5.22) 

Combining Proposition 5.4 and Proposition 5.8, we obtain, as in [20] . Theorem 
5.2. 

After this preparation we pass to the analysis of an eigenvalues-free region when 
Rez = 1, <lmz < h", 0 < e < 1. 

Let p = \/l — To + iimz. As in the previous section, we examine the equation 

Next{z,h){f) - yiq/ = 0. 

Consider the partition of the unity xt /2 lte /2 + xr /2 = 1 on T*(r) introduced in 
the beginning of this section. Applying Theorem 5.2, we have 

\Wext{z, h)il - x°/ 2 )/ - Vz7f\\L^r) < C'/i'^^ll/llL2(r)- 

Taking into account Theorem 5.1 for the operators N{z,h)xf/ 2 ^ deduces 

\\Oph(^pixt/2 + x7/2) - ^"f)f\\LHr) < C'i/i'''^ll/llL2(r). (5.23) 


We write 


9i ■= p{xt/2 + Xe/ 2 ) - = 


(X,/2)" + (X,/2)' 


Z7 




p{xt/2 + X,/2) + V^7 


el 2 l 


Clearly, 


Re 


(/ (x(/2)^ + (x,/2)^ - ^7^) = (1 - ^-o) (x^/2)^ + (Xe/2)^ 


- 7 < -Po < 0 
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since 1 — ro < 1, supp supp Xeji ~ ® 1 — 7 ^ < —Vo- Thus for bounded 

l^'l we have |gi| > ?72 > 0, while for |^'| >> 1 we get |gi| ^ |^'|. To estimate it 
is necessary to estimate only p{xt /2 ^ 7 / 2 ^ \A 7 and one deduces 

md§{g^^)\ < a,;3/i-i(i/2+l“l+/5|)(l + 

The same estimates holds for gi, hence gi G * 5 ^/ 2 ’^, gT^ G and 


\\{Oph{9i ^)Oph{9i) - I)f\\LHr) < Ch^ "||/||L2(r)- 


Combining this with (5.23), for small h we conclude as in Section 4, that / = 0. 


It remains to study the case 

z GV = {z G<C ■. z = l + ilu\z, 0 <Im 2 < 

The Dirichlet problem for —— z with z = 1 + |r(;| < Co, has been 

investigated by Sjbstrand in Chapters 9 and 10 in m (see also m)- For 0 < re < 1 
this covers the region D. In m the exterior Dirichlet-to-Neum ann map Afext{z, h) is 
defined with respect to the outgoing solutionj^of the problem (1.5). Notice that for 
Imz > 0 the outgoing solutions are in so the exterior Dirichlet-to-Neumann 

map in m coincides with that defined in Section 2. We need to recall some results 
in Chapter 10 of m- The operator J\fext{z,h) is a h—pseudo-differential operator 
with symbol next{x',C: h). Introduce the glancing set 

g = {[x\O^T*{T)-. r^{x7i') = l}. 


We have 7(0;) > 1 -I- 773 > 1, Vcc S T. Choose a small number Jq: 0 < < Vol‘^- 

Then for |ro(a;',^') — 1| > (5o the symbol next satisfies the estimates 

\d<^,dl,next{x',i7h)\ < Va,V/3, (5.24) 

while for |ro(a;',^') — 1| < 2(5o we have the estimates 

\d'^,d^,next{.x7£.7h)\ < Ca,0{h'^^^ + |ro - Va,V/3 (5.25) 

if ro{x',^') — 1 is transformed into by a tangential Fourier integral operator as 
it was mentioned in the beginning of this section. From the estimates near Q it 
follows that for small 0 < h < ho(<5o) we have a bound 


Mext[Z,h)(j)[ ---) 


L2(r)->.L2(r) 


< C(hi/3 (5^^) 


with a constant C > 0 independent on h and 60 . Let / 7 ^ 0 be the trace of M|r, 
where (rt, v) is an eigenfunction of G. Consider the equality 

.1 - ro{x',^'). 


- Re(Afext{z,h) 1 - (j){- 


^)]/,/) 


L2(r) 


■Re(v^7/, /)L2(r) 


= Re{Afext{z,h)(l){- —(5.26) 


The above estimate shows that the right hand side in (5.26) is bounded by Ci {h^/^ + 


cl/2 


hir)- 


^the outgoing solutions in the sense of Lax-Phillips [5] are different from the outgoing ones in 
El- See Section 6 for more details. 
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Introduce two functions 4>±{(j) S C'°°(]R : [0,1]) such that ip+{(j) = 0 for cr < 
1/2, = 1 for cr > 1, = ip+i^—a). We write 


r \ f') 1 

Afext{z,h) 1 - (/(-^^-) = Afext{z,h)x+ + N'ext{z,h)x-, 


where 


X±{x',^')= !-/>( 


1 - ^0(3;',^')' 


V’±( 


1 - ro{x',C) 


have support in {(x',^') : 1—ro(x',^') > 5o/2} and {(x', ^') : 1 —ro(a:',^') < —do/2}, 
respectively. The principal symbols n± oi Next{z,h)x± have the form 


n± = (\/l - ro + ilmz^xi 


and 


^e{Mext{z,h)x±f,f)L^T) = (OPft(R.e(n±))/,/)i2(r) + 0{h)\\f\\l2(^ry 
On the other hand, 

I Ren+I = x+l Re yj 1 - vq + ilva z\ < (1 + 

In the same way for the principal symbol n_ of Next{z, h)x- we get 

I Ren_| = x_| Re \/l — ro + ilmz| < sin 

where 1 — rg + ilmz = 2/ > 0, 0 < '0 ^ 1. Next 

On the support of X- we have 0<ro~l<2/^(''’o~l) + ^ and this implies 

sin ^ ■ Combining the above estimates, we conclude that 


-Re(A4.t(z,fe)[l-0( ^ 


>-(1 + 01/11/3)11^112^^^^. (5,27) 

Let y/z = u + iw. Then = 1 + > 1 yields Re y/z = i; > 1. Consequently, 

Re(v07/,/)i2(r) > (1 + ??3)||/||i2(r)- 

From this estimate and ( |5.27| ) one deduces that the left hand side of (5.26) is greater 
than (yg - 01/11/3)11/112,For small h and small do (depending on yg) we ob¬ 
tain a contradiction with the estimate of the right hand side of (5.26). Finally, if 
Rez = 1, 0 < Imz < /i2/^ with 0 < h < h^ijls) there are no eigenvalues A = of 
G. Combining this with the result of Section 4, completes the proof of Theorem 1.3. 


6 . Trace formula 

Before going to the proof of a trace formula for the counting function of the 
eigenvalues of G, we need to examine the properties of the Dirichlet-to-Neumann 
map N{X) defined below. This map can be used to prove the discreteness of the 
spectrum of G in {z G C : Rez < 0}. This result for d odd was established in [5] 
and the proof there exploits the fact that the scattering operator S{z) is invertible 
for z = 0. For even dimensions d this property of S{z) is not true. We present 
a proof of the discreteness of the spectrum of G based on the invertibility of an 
operator involving and it seems that for d even this result is new. 
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Proposition 6.1. Let 'y{x) ^ 1 for all x G F. Then for d > 2 the spectrum of 
the generator G in {z G C : Rez < 0} is formed by isolated eigenvalues with finite 
multiplicities. 

Proof. Consider for Re A < 0 the map 

AA(A) : H^T) 9 / ^ d,u\r G 
where u is the solution of the problem 

UA- X'^)u = Qmn, uG H‘^{Lt), 

1 M = / on r. 

The condition u G implies that u is iA- outgoing which means that there 

exists R> po and a function g G such that 

u{x) = (-Ao + X^y^g, |x| > R, 

where i?o(A) = (—Aq + A^)“^ is the outgoing resolvent of the free Laplacian in 
which is analytic for ReA > 0. Recall that Ro{X) has kernel 




(n-2)/2 


4 V27r|x — y\ 


u— — iX\x — y\ 


( 6 . 2 ) 


where H^\x) is the Hankel function of first kind and we have the asymptotic (see 
for example, m) 


H^p(z) = f—) ^ + 0(r —27r < argz < tt, |z| = r —)• +oo (6.3) 

^ VTir/ 

Below we present some well know n facts for the sake of completeness. The 
solution of the Dirichlet problem (6.1) with / G has the representation 

u = e{f) + {-An + X^)-\A-X^)ie{f)), 


where e(/) : 9 / ^ e(/) G is an extension operator and 

Rd{X) = {—Ad + A^)“^ is the outgoing resolvent of the Dirichlet Laplacian Ad in 
D which is analytic for ReA < Oj^ Therefore 


myf = Meif)) + d, {-Ad + X^)-\A 


A^)(e(/)) 


implies that Xf{X) is analytic for Re A < 0. The solution of ( |6.1[ ) for Re A < 0 can 
be written also as follows 


(x;A)=/ [i?o(A,x-2/)(7V(A)/)(y)- 

Jdn 


dRo{X,x- y) 

dvy 


f{y)dy 


Taking the trace on T, this implies 


CooW + Coi{X)N{X) = Id, 

where C'oo(A) and C'oi(A) are the Calderon operators (see for example, [TD]) which 
are analytic operator-valued functions for A € C for d odd and on the logarithmic 


^Notice that the definition of outgoing solutions in is different from that given above and 
the outgoing solutions in our paper correspo nd to incoming ones in [ 3 . To avoid misunderstanding 
the precise form of Ro{X, x — y) is given in (6.2 1 . 
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covering of C for d even. Melrose proved ([ID], Section 3) that there exists an entire 
family Pd (A) of pseudo-differential operators of order -1 on T so that 

(_Ar + l)i/2Coi(A) =/d + PD(A), 

Ar being the Laplace Beltrami operator on F. For Re A < 0 this implies 
N{X) = {Id + PD{X))-\-Ar + - Coo(A)). 

On the other hand, it is well known that the Neumann problem 
f(A - A2)u = OinO, M G p2(0), 

1 d^u = 0 on r. 

has no non trivial (iA)-outgoing solutions for Re A < 0. This implies that for 
ReA < 0 the operator Coo(A) has not 1 as an eigenvalues and since Coo (A) is 
compact by the analytic Fredholm theorem we deduce that N{X)~^ is analytic for 
ReA < 0. 


Going back to the problem (1.2), we write the boundary condition as follows 
Af(A)(/-AAf-i(A) 7 )/i =0, ReA<0, xGF. 


The operator Af{X)~^ : L^(r) — H^{T) is compact and by Theorems 1.2 and 
Theorem 1.3 there are points Ao, Re Aq < 0, for which (/ — AoA/’“^(Ao) 7 ) is invert¬ 
ible. Applying the analytic Fredholm theorem, one concludes that the spectrum 
of G in the open half-plane Re A < 0 is formed by isolated eigenvalues with finite 
multiplicities. 


Remark 6.2. The assumption 'j(x) ^ 1, Vx G F, was used only to apply Theorems 
1.2 and 1.3. For odd dimensions d we can relax this assumption. Indeed, for d odd 
we have no resonances in a small neighbourhood of 0 for the Dirichlet and Neumann 
problems, so we may apply the above argument in a open domain including a small 
neighbourhood of 0. For d even this property does not hold. 

Now we pass to a trace formula involving the operator 

C(A) := N{X) - A7 = Af(A) (l - AAf\A)7), 

which by the analysis above is an analytic operator-valued function in {z G C : 
Re z < 0}, while C(A)“^ is meromorphic in the same domain. Our purpose is to 
find a formula for the trace 

tr^^(A-G)-idA, (6.5) 

where uj C {Re z < 0} is a domain with boundary the a positively oriented curve 
5 and (G — A)“^ is analytic on 5. Since (G — A)“^ is meromorphic in w, if Aq is a 
pole of (G — A)“^, the (algebraic) multiplicity of an eigenvalue Aq of G is given by 

mult (Ao) = rank;^ f (A — G)~^dX, 

7|A—Ao|=eo 


^In one obtains eigenvalues-free regions in the case 7 > 1, but in this paper one applies the 
result of [6] for d odd. 
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with eo > 0 small enough and {A G C : |A —Ao| = cq} positively oriented. Therefore, 
(6.5) is just equal to the number of the eigenvalues of G in w counted with their 
multiplicities. Let {u,w) = (G — A)“^(/,g). Then we have w = Xu + f and 


u — —RD{X){g + A/) + K{X)q. 

Here Rd{X) = (—+ A^)“^ is the outgoing resolvent introduced in the proof of 
Proposition 6.1 and K{X) satishes 

f (A - A2)iL(A) = 0 inH, 

|iL(A)= Id on r. 

The boundary condition on T implies 


—i?£i(A)(g + A/) + K{X)q 


— yA 


—RoWig + A/) + q 


- 7/ = 0, a; e r 


and the term 'yX[RD{^){g + A/) vanishes. Next A/’(A) = d,jK{X)\r is the Dirichlet- 
to-Neumann map, and assuming G“^(A) invertible, one gets 

q = C-\X){[dM>^)i9 + A/)] + if) . 

Therefore 


-XRdW + XK{X)C-\X)d,RD{X) + C-\X)i f + Xg 


w = Yf+ XRd{X) + XK{X)C-\X)d^RD{X) 


9, 


where the form of the operators X and Y is not important for the calculus of the 
trace. Thus we have the equality 


tr /(A-G)-^dA = -tr [2XK{X)C-\X)d^RD{X) + C 


- 1-1 


dX. 


The operator G“^(A) is meromorphic with finite rang singularities near every pole. 
For the first term in the integral on the right hand side we apply Lemma 2.2 in |16j 
combined with the fact 

|^(A) = d.^iX)\T = -2XdM>^)K{X). 

Finally, we obtain the following 


Proposition 6.3. Assume i[x) ^ l,Va: G F. Let 5 d {z G C ■. Re A < 0} 6e a 
closed positively oriented curve and let co be the domain bounded by 6. Assume that 
C~^{X) is meromorphic in oj without poles on S . Then 

In the case (B) it is interesting to apply Proposition 6.3 to obtain a Weyl formula 
for the eigenvalues of G lying in the domain 7?.jv following the approach in m and 
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7. Appendix 

I this Appendix we assume that 7 > 0 is a constant and d odd. We examine the 
existence of the eigenvalues of G for the ball B 3 = {x G : |a;| < 1}. Consider the 
Dirichlet problem for the Helmholtz equation in the exterior of B. 


(A — A^)u = 0 in |a;| >1, u G H'^{\x\ > 1), 

w||.|=i = /eL2(s2). 


(7.1) 


Setting A = j/i, Im /i > 0, it is well known that the outgoing solution of in 
polar coordinates {r,uj),r G w S is given by a series 


00 n 




n —0 m——n 


hn\^J-r) . ^ I 

I d) Yn,m\^), \x\ — T. 

hn W 


Here 17i,m(w) are the spherical functions which are eigenfunctions of the Laplace- 
Beltrami operator — Ag2 with eigenvalues n(n + 1) and 

u(l)( \ 

^1/2 


are the spherical (modified) Hankel functions of first kind. The boundary condition 

(7.2) 


in (7.11 is satisfied choosing an,m so that 

00 n 

/(cu) = ^ ^ ) Un,mln,m (^)- 


n —0 m——n 

Now consider the boundary problem 


(A — A^)m = 0 in |a;| > 1, u G >1), 

drU — Ayu = 0 on S^. 


(7.3) 


We will prove the following 


Proposition 7.1. For 7=1 and Re A < 0 there are no non trivial solutions of 
(7.3). For 0 < 7 < 1 the eigenvalues of G lie in the region 

{a e C : < l» - arg A| < ,/2, |A| > (7.4) 

Proof. Introduce the Dirichlet-to-Neumann map N{X)f = where u is 


the solution of (7.1). Assume that {u,v) is an eigenfunction of G. Then u satisfies 
(7.3). Setting u \x\=i = f, ^ = Im/r > 0, the boundary condition implies 

^(v)/- W/= Oon |a;| = 1, (7.5) 


and we deduce 


with 


oo n 


n —0 m——n 


C'(n;/r,7)a„,mH„.m(w) = 0 
^hn\pLr)- 


G{n;g.,-f) := dr 


hn'’ iti) 


r=l — n- G N. 


(7.6) 
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It is well known (see m) that hn\x) have the form 

(n + to)! 

TO!( 2 a;)"* 
m=0 ^ ' 

The problem is reduced to show that C{n; 7 ) 7 ^ 0 for all n S N, that is 


” ^ ^ ^ X ^ to!( 2 a;)'" (n- to)! ^ ^ ^n(x). 


dr 


r)) |r=i - 7 ^ 0, Vn e N. 


(7.7) 


In fact this implies that all coefficients a„^m vanish , so / = 0. Taking the derivative 
with respect to r, one obtains 

n 

C{n-,n,"f) =i^(l-7)- V(to + 1) — 

ml 

m—O 

Setting w = = 2 ]^; deduces 

- C{n;fi,-f) = ^(I - 7 ) + {Rniw)Y^{wRn{w)). (7.9) 

2 w aw 

Notice that Re > 0 implies Re w > 0, so we wish to prove that C{n-, 7 ) 7 ^ 0 

for Rerc > 0. The case n = 0 is trivial because i/i(l — 7 ) — 1 7 ^ 0. We know that 
Rn{w) has no roots in the half plane Rew > 0. This implies that the roots of 
wRn{w) = 0 lie in the half plane Reic < 0. By the classical Gauss-Lucas theorem 
the roots of -^[wRn{w)) = 0 lie in the convex set of the roots of wRn{w) = 0 
and one deduces that ^(wi?„(?w)) 7 ^ 0 for Reic > 0. Thus for 7 = 1 we have no 
eigenvalues of G. 


i™ (n + TO.!! 

(2^)"* [n — m 


!(''"( 


(7.8) 


For 0 < 7 < 1 we must examine the zeros of the function 


( \ ^ /I \ ^ ^ 

(^) = “ T') + “ + - 

2ui^ w w — Zi 


i=i 


n > 1 , 


where zj, Rezj > 0,j = I, are the roots of Rn{w) = 0. We obtain 

^ (1- 7 )((R-ew )2 - (Imw;)2)+2Rew;|u;p ^ ^Rew-ReZj 

^egn{w) = --+ 2^ L„ _ -T -" - 


2 w[ 


i=i 


If Regn{w) = 0, we must have 

2 Rer(;|i(;p + (1 — 7 )((Rer(;)^ — (Imw)^) < 0 . 

Setting w = the last inequality implies 

|ReA| < |ImA|, ReA> (1 - 7 )((Re A)^ - (Im A)^) 

and we obtain that the eigenvalues of G belong to the domain ( |7.4[ ). 

Passing to the case 7 > I, we have the following 

Proposition 7.2. For "f > 1 all eigenvalues A for which (7.3) has a non trivial 
solution are real and they lie in the interval [—7^,— 00 ). Moreover, there is an 
infinite number of real eigenvalues of G. 
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Proof. To prove the existence of real eigenvalues, consider the polynomial 


Fniw) = 


rl 


-(l-7)+w 


Clearly, < 0 and Fn{w) —>■ +00 as w ^ + 00 , so f„(w) = 0 has at least one 

root Wq in IR+ and C{n; /io, 7 ) = 0 for /ig = 


Now suppose that wgn{wo) = 0, n > 1 with Rewg > 0, Imrcg > 0. Then 
Img„(r(;o) = 0 implies 


(1 — 7 ) Imu>o 
2|wop 


Re Wo 


E 


i=i 


Im Wo 
|wo - Zj\^ 



Im Zj 

|wo - Zj\^. 


(7.11) 


+ Im Wo ^ 


1=1 


Re Wo — Re zj 
ko - Zj\^ 


= 0 . 


On the other hand, if Zj with Im.Zj 7 ^ 0 is a root of Rn(w) = 0, then zj is also a 


root and 


Im Zj 
ko - Zj\^ 


Im Zj 
ko - 


Im z,- 


ko - ^^iPko - zj\^ 


(ko - Zj\'^ - ko - 2^1 p) 


4Im r(;o(Im 


ko - ^iPko 


Hence we can write (7.11 1 as follows 



Im Wo 


' 7-1 

l2\wo\^ 


n 


E 


Rezj 
ko - Zj\^ 


E 

Im Zj >0 


4:Rewo{lmzj)'^ ' 
ko - Zj\'^\wo - 


= 0 . 


(7.12) 


The term in the brackets [...] is positive, and one concludes that Imrcg = 0. The 
same argument works for 7 = 1 since Zj 7 ^ 0. Thus for 7 = 1 we may have only 
real roots and since wR'^{w) 7 ^ 0 for ic > 0 we conclude that there are no roots of 

gn{w) = 0. 

From Re(?„(?Co) = 0 , one deduces for the real roots Wo the equality 


1-7 

2 wo 


n 


+ i = E 

1=1 


Rezj 
ko - zj\^ 


> 0 


and this yields for the eigenvalues A of G the inequality 


A 


< - 


1 

7 - 1 ’ 


It remains to show that we have an infinite number of real eigenvalues. It is 
not excluded that for n 7 ^ to the polynomials Fn(w) and Fmiw) have the same 
real positive root. If we assume that for Rew > 0 the sequence of polynomials 
{Fniw)}'^^o only n finite number of real roots wi,..., wn, Wj G K"*", then there 
exists an infinite number of polynomials F^. (w) having the same root which implies 
that we have an eigenvalue of G with infinite multiplicity. This is a contradiction, 
and the number of real eigenvalues of G is infinite. 
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Remark 7.3. With small modifications Propositions 7.1 and 7.2 can he established 
for the ball {x G : \x\ < 1} and d > 5 odd, by using the modified Hankel functions 

j,d/2-l 

and the eigenfunctions Vn,m(<^) of the Laplace-Beltrami operator —Agd-i with eigen¬ 
values n{n + d — 2). 
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